Abstract. On every compact and orientable three-manifold we construct total foliations (three codimension-one foliations that are transverse at every point). This construction can be performed on any homotopy class of plane fields with vanishing Euler class.
i .p/ D f0g for any p in M . If each i is integrable, it is called a total foliation. We say two total plane fields are homotopic if they are connected by a continuous path in the space of smooth oriented total plane fields.
A celebrated theorem due to Wood [16] showed that any plane field on a closed three-dimensional manifold can be continuously deformed into a foliation in its homotopy class. In other words, there is no homotopical obstruction to the integrability for the three-dimensional case. The main subject of this paper is to solve the analogous problem for total foliations. That is,
Theorem 1.1. Any total plane field on a closed three-dimensional manifold is homotopic to a total foliation.
In other words, there is no homotopical obstruction to the integrability for total plane fields.
Let us remark that three-dimensional closed manifolds have their Euler characteristic equal to zero, which implies the existence of transversely oriented plane
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fields. Similarly, three-dimensional closed manifolds have vanishing second StiefelWhitney class, which implies the existence of total plane fields.
Hardorp [10] , showed that any three-dimensional oriented closed manifold admits a total foliation. However, his construction does not allow to keep track of the homotopy class of the constructed object.
Tamura and Sato [15] , gave examples of foliations on three-dimensional manifold which admit a transverse plane field but no transverse foliation. It implies that there exists an obstruction to deform a total plane field into a total foliation if we fix one of the plane fields as a given foliation.
Mitsumatsu [13] , Problem 5.2.7, asked which homotopy classes of plane fields can be realized as a transverse pair of codimension-one foliations. His question is important from the viewpoint of bi-contact structures, which we consider in the next paragraph. The theory of characteristic classes tells that a plane field is contained in a total plane field if and only if its Euler class vanishes. Theorem 1.1 answers Mitsumatsu's question immediately.
Corollary 1.2. An oriented plane field on an oriented closed three-dimensional manifold is homotopic to a foliation which is contained in a total foliation if and only if its Euler class vanishes.
We call a pair of mutually transverse positive and negative contact structures a bi-contact structure. Mitsumatsu [12] , and Eliashberg and Thurston [7] showed that bi-contact structures naturally correspond to a projectively Anosov flow, which exhibits partially-hyperbolic behavior on the whole manifold.
In relation with the question above, Mitsumatsu asked which homotopy class of plane field can be realized by contact structures in a bi-contact structure. In Theorem 2.4.1 of [7] , Eliashberg and Thurston showed that any foliation except the product foliation fS 2 fpgg p2S 1 on S 2 S 1 can be C 0 -approximated by positive or negative contact structures. It is easy to see that any mutually transverse plane fields are homotopic to each other and that the product foliation on S is given by gluing two boundary components of T 2 OE0; 1. In Subsection 3.5, we control the framings of R-components and show a generalized version of Hardorp's theorem, i.e., the existence of a total foliation with any given spin structure. The control is done by successive replacements of an R-component with a totally foliated solid torus which contains a twisted R-component ('insertion of plugs'). In Subsection 3.6, we give a control of the Hopf degree. In fact, we construct a total foliation on S 3 that admits unknotted R-components with .C1/-and . 1/-framings and that has the required difference of Hopf degree with the positive total Reeb foliation. By gluing it with a total foliation that has the required spin structure, we obtain a total foliation in any given homotopy class of total plane fields.
Section 4 is devoted to the proof of Corollary 1.3. We show that if a total foliation admits an unknotted R-component with .C1/-framing then any positive contact structure that is sufficiently close to one of the foliations violates the Thurston-Bennequin inequality and therefore is overtwisted. Once it is shown, the corollary is an easy consequence of Eliashberg's classification of overtwisted contact structures in [6] .
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Gluing and surgery of total foliations
2.1. Homotopy classes of plane fields. In the rest of the paper, all manifolds and foliations are of class C 1 and all plane fields and foliations are transversely oriented. Fix an n-dimensional manifold X equipped with a Riemannian metric. Let Fr.X/ be the set of orthonormal frames of TX. It admits a natural topology as a subset of the set of n-tuples of vector fields on X.
When M is a three-dimensional manifold, by taking the unit normal vectors of a total plane field, and by applying the Gram-Schmidt orthogonalization to it, we can define a continuous map from the set of total plane fields to Fr.M /. It is easy to see that it induces a bijection between homotopy classes. So, we consider Fr.M / instead of the set of total plane fields in this subsection.
First, we review some basic facts on spin structures. We denote by SO.n/ the group of special orthogonal matrices of size n. Let X be an n-dimensional manifold with n 3. We fix a triangulation of X and let X i be the i-skeleton of X for 0 Ä i Ä n. By Fr.X i /, we denote the set of orthonormal frames of TXj X i . A spin structure is a homotopy class of Fr.X 1 / of which each representative can be extended to an element of Fr.X 2 /. In particular, a frame L e in Fr.X/ induces a spin structure on X in a natural way. We call it the spin structure given by the frame L e. Our definition is different from the standard one that is given by a double covering of a natural principal SO.n/-bundle, but it is known they are equivalent if n 3, see [11] .
A manifold X equipped with spin structure s is called a spin manifold. If X has a boundary @X , then s induces a spin structure s 0 on @X . We call the spin manifold .@X; s 0 / the spin boundary of .X; s/. Now, we focus our attention on spin structures on three or four-dimensional manifolds. We call a four-dimensional manifold X a 2-handlebody if it is obtained by attaching four-dimensional 2-handles to the 4-ball B 4 along a framed link L in S 3 D @B 4 . We say a 2-handlebody X is even if the framing of each component of L is even. See the first paragraph of Subsection 2.3 for the definition of framing of knots.
Proposition 2.1. Any even 2-handlebody admits a unique spin structure. Any closed spin three-dimensional manifold is a spin boundary of a spin 2-handlebody.
Proof. See Section 5.6 and 5.7 of [8] .
Let M be a three-dimensional closed manifold. We denote by C.M; SO.3// the set of continuous maps from M to SO.3/. The space Fr.M / of frames admits a natural action of C.M;
and F 2 C.M; SO.3//. We define a mapˆW Fr.
It is easy to check thatˆ. ; L e 0 / is a bijective map between Fr.M / and C.M; SO.3//.
We denote the field Z=2Z by Z 2 . Recall the fundamental group 1 .SO.n// of SO.n/ is isomorphic to Z 2 if n 3. Let Spin.n/ be the universal covering group of SO.n/. [5] . It is easy to see that the formulae 
2.2.
R-components and gluing of total foliations. In the rest of the paper, we identify the circle S 1 with R=Z, and the two-dimensional torus T 2 with .R=Z/ 2 . The sum a C b is well-defined for a 2 S 1 and b 2 S 1 or R. For a 2 S 1 and 1 ; 2 2 R, we denote the subset fa C t 2 S 1 j t 2 OE 1 ; 2 g by OEa C 1 ; a C 2 . We will abuse the identification of the number t 2 OE0; 1 and t C Z 2 S 1 when the meaning is clear.
Put
by Z, and the origin of R 2 by O. We also denote by a; bOE the open interval fx 2 R j a < x < bg.
For a foliation F on a manifold X and a point p of X, let F .p/ denote the leaf containing p. For a diffeomorphism F from X to another manifold X 0 , let F .F / denote a foliation on X 0 such that the leaf containing F . iD1 is a total foliation. See Figure 1 . 
Remark that if R is an R-component of a total foliation on a manifold M , then @R is an R-boundary of both R and M n R.
We define cut and paste operations of total foliations with R-boundary by following the idea described in [10] . First, we show that the pair . 
Proof. Let y be the diffeomorphism of T 2 such that y .x; y/ D .x; y/. Then,
Hence, we may assume that F is orientation-preserving by replacing F with F B y if it is necessary.
Fix an integer k. Let Q h be a smooth function on R OE0; 1 such that Q h.y C n; t/ D Q h.y; t/ C kn for any .y; t/ 2 R OE0; 1 and n 2 Z, and
for any n 2 Z and t 2 OE0; 1. See Figure 2 . The function Q h induces a map h W S
Since F is orientation-preserving and F .a R / D a R , F is isotopic to F k;1 for some k 2 Z. Hence, it is sufficient to show that there exists a diffeomorphism G of T 2 which is isotopic to the identity and satisfies 
T are invariant under the translation .x; y/ 7 ! .x C t; y/. It implies that F k;t .R 2 T / is transverse to R 1 T for any t 2 OE0; 1. We define an isotopy fG t g t 2OE0;1 by G t .x; y/ 2 R 1 T .x; y/ \ F k;t .R 2 T .x; y//. Then, the map G 0 is the identity,
Proof. By Lemma 2.10, we can isotope .F on a neighborhood of
2.3. Knotted R-components and surgery. Let M be an oriented three-dimensional manifold. For a smooth link L in M , let Fr.LI M / be the set of vector fields
An oriented knot K is null-homologous if and only if it admits a Seifert surface S , that is, an oriented embedded surface with @S D K.
Definition 2.12.
Suppose an oriented knot K admits a Seifert surface S. We call an orientation preserving embedding W S 1 D 2 ! M an n-framed tubular coordinate of K if the restriction of to S 1 f.0; 0/g is an orientation preserving diffeomorphism onto K and the algebraic intersection number of S and .S 1 f.1; 0/g/ is n. The framing represented by a vector field v 2 Fr.KI M / tangent to .S 1 OE 1; 1 f0g/ is called an n-framing of K.
It is known that the n-framing of K does not depend on the choices of S and . If a link L is tangent to leaves of a foliation
We call it the framing given by F . We say an R-component R of a total foliation .F i / 3 iD1 on M is null-homotopic if the core C.R/ is null-homotopic. In addition, if F 1 gives the n-framing of C.R/, we say that R is an n-framed null-homotopic R-component. A knot is called unknotted if it bounds an embedded disk. We say an R-component of a total foliation on M is unknotted if the core is unknotted.
Suppose that a total foliation .
@R; Z/ be the homology class represented by a meridian of R. Up to isotopy, there exists a unique diffeomorphism
iD1 the total foliation obtained by the standard surgery along R. In [10] , p. 22-24, one can see another surgery along an R-component, which essentially yields the same total foliation. Lemma 2.13. If R is null-homotopic and k-framed, then the above M R is a manifold obtained by a Dehn surgery along C.R/ with framing coefficient k C 1.
Proof. Since R is k-framed, .R/ D a R .@R/ k .R/ is represented by the longitude of C.R/ corresponding to the 0-framing. The condition F . .R// D .R/ C .k C 1/ .R/ implies that the coefficient of the Dehn surgery is k C 1.
i D1 be a total foliation on S 3 and R 1 ; : : : ; R k be its R-components with the n 1 ; : : : ; n k -framings. Lemma 2.13 implies that the manifold obtained by the standard surgery along R-components R 1 ; : : : ; R k is the boundary of the fourdimensional 2-handlebody X whose Kirby diagram is S k j D1 C.R/ with the .n j C 1/-framing on each C.R j /.
As we saw in Subsection 2.1, each total plane field on M defines a spin structure on M . For a total foliation .F i / 3 iD1 , we say a spin structure on M is given by .
if it is given by the total plane field .
i D1 be a total foliation on S 3 with odd-framed R-components R 1 ; : : : ;R k . Let M and .F i / 3 iD1 denote the three-dimensional manifold and the total foliation obtained by the standard surgeries on all R i 's, and X the four-dimensional 2-handlebody corresponding to the surgery as above. By Proposition 2.1, X admits a unique spin structure s X . Proposition 2.14. The restriction of s X to M D @X coincides with the one given by
Proof. Let h j X be the 2-handles corresponding to C.R j / for j D 1; : : : ; k.
iD1 define a spin structure s on a neighborhood of
Since H 1 .S 3 ; Z 2 / D 0, the sphere S 3 admits a unique spin structure. It is known that it extends to D 4 . The closure of a connected component of X n .S 3 [ M / is either the ball D 4 or a 2-handle h j . Since they are homeomorphic to the four dimensional ball, the spin structure on S 3 [ M can be extended to X. By the uniqueness of a spin structure on a 2-handlebody, it completes the proof.
Gluing formula of the difference of Hopf invariant. For two total foliations
iD1 which give the same spin structure, we denote the difference of Hopf invariant of the corresponding orthonormal frames (see Definition 2.4) by
which is the union of two . 1/-framed unknotted R-components.
Remark that each R i C is a thick Reeb foliation and the cores of two R-components form a positive 1 Hopf link under the transverse orientation of R 3 C . Let S 3 be an orientation reversing diffeomorphism on S 3 . It is known that
g. Lemma 24 in [4] ). By formulae (1) and (2) on page 276, we have
for any total foliation .
iD1 be total foliations on M and S 3 , respectively. Suppose that . 
Proof. First, we notice that if two frames L e and L e 0 on a three-dimensional manifold M 0 gives the same spin structure, then H. L e; L e 0 / is equal to the algebraic intersection number of the submanifolds f L e.p/ j p 2 M 0 g and f L e 0 .p/ j p 2 M 0 g of the orthonormal frame bundle of M 0 . For convenience, fix Riemannian metrics on M and S 3 so that is an isometry 
This implies formula (4).
Construction of total foliations
3.1. Braids in W . Let SL.2; Z/ denote the group of 2 2-integer matrices with determinant one, and I denote the identity matrix in SL.2; Z/. Each element A of SL.2; Z/ acts on T 2 as a diffeomorphism. Fix n 1 and define the points Q j D .j=n; j=n/CZ 2 2 T 2 for j D 0; : : : ; n 1.
Definition 3.1. For A 2 SL.2; Z/ and n 1, we say OE0; 1 T 2 is a smooth n-braid twisted by A if there exists a map W f0; : : : ; n 1g OE0; 1 ! T 2 and a permutation on f0; : : : ; n 1g such that D f.t; .j; t// j .j; t/ 2 f0; : : : ; n 1g OE0; 1g.
.j; t/ ¤ .j 0 ; t/ for any t 2 OE0; 1 if j ¤ j 0 , and .j; "/ D Q j and .j; 1 "/ D A Q .j / for any j D 0; : : : ; n 1 and any sufficiently small " 0.
We call a subset j D f.t; .j; t// j t 2 OE0; 1g the j -th string of . Let B n .A/ be the set of all smooth n-braids twisted by A.
We can identify B n .A/ with a set of smooth maps from f0; : : : ; n 1g OE0; 1 to T 2 . This identification induces a topology on B n .A/. Let 0 .B n .A// be the set of connected components of B n .A/.
For A 2 SL.2; Z/, let F A be the diffeomorphism on W given by F A .t; w/ D .t; A w/. We define 1 .t; w/ D .1 t; w/, .t; w/ D .t=2; w/, and C .t; w/ D ..1 C t/=2; w/ for .t; w/ 2 W D OE0; 1 T 2 .
Definition 3.2. Let be a braid in B n .A/.
The inverse
They induce corresponding operations on 0 .B n .A//. We can see that they define a group structure on 0 .B n .I //, which is isomorphic to the braid group of n-strings on 
Total foliations with braided leaves.
In this subsection, we fix an integer n 1 and a real number Á > 0 which is sufficiently smaller than 1=n, for example,
First, we define the standard total foliation .F Observe that if the restriction of F to R is isotopic to the product foliation ffptg D 2 g, then we can turbularize F along R. Let U j be the interior of OE1=4; 1=3 OEq j C .1=4n/; q j C .3=4n/ S 1 for j D 0; : : : ; n 1 and
Definition 3.4. We say a foliation F 0 on a subset W 0 of W is almost horizontal if
The next proposition shows how to make almost horizontal foliations part of a total foliation. 
for j D 0; : : : ; n 1. Let f j be a diffeomorphism of S 1 which is conjugate to the holonomy map of F along the torus @U j . By r˛, we denote the rigid rotation of 1/4 3/8 5/8 3/4 on W such that F 3 is transverse to e t . We introduce some operations on total foliations in tFol.A/. 
We define an important subset of tFol.A/ consisting of total foliations with braided leaves. 
iD1 is an element of tFol.A 0 A; n/ with .. For any sufficiently small ı > 0 and j D 0; : : : ; n 1, there exist two maps f and g from OE 2ı; 2ı to R such that the holonomy of F ; j / D g j for any j D 0; : : : ; n 1.
The rest of the subsection is devoted to the proof of the proposition. We divide it into several lemmas. Put
They satisfy the following relations: Let 0 be the connected component of B n .I / represented by the constant braid 0 D OE0; 1 fQ 1 ; : : : ; Q n 1 g. The following lemma is an interpretation of the construction in [10] (p. 49-50) in our setting. foliation F 1 0 is almost horizontal. By Proposition 3.5, there exists a total foliation
iD1 is contained in tFol.I; n/. The holonomy of F 1 \ F 2 along the j -th string j 0 is .0; q j C x; q j C y/ 7 ! .1; q j C x; 2 .q j C y; 3=4// for .x; y/ 2 OE ı; ı 2 .
Hence, H By Lemma 3.10, the total foliation .F A xy .F 2 /; F A xy .F 1 /; F A xy .F 3 // is contained in tFol.I; n/. It easy to verify that it satisfies the required conditions for the case f j D g and all the other f j 's and g j 's are the identity map. Hence, we can obtain the required total foliation for a general sequence .f j ; g j / n 1 j D0 as a composition of the total foliations given by the above construction. In fact, it can be obtained by the same construction as the total foliation . Let .F [1] or [9] ). Hence, we can obtain the required total foliation as a composition of the total foliations constructed above and their inverses. 
for any j D 0; : : : ; n 1.
Proof. Take a smooth map N 3 W OE0; 1 ! R such that
.x/ Ä Á 1 holds for any x 2 OE0; 1,
x/ D 0 holds for any x 2 OE0; 1 .9=16n/, and N 3 .x/ D 1 holds for any x 2 OE1 .7=16n/; 1.
It induces a map
We define a diffeomorphism G of W 0 by G.t; x; y/ D .t; x; y C 3 .x// if t 2 OE3=4; 1 and G.t; x; y/ D .t; x; y/ otherwise. It is well-defined and satisfies G. x/ x is a map of degree 0, we can take a smooth function˛on S 1 OE0; 1 such that˛.x; t/ D 0 for .x; t/ 2 S 1 OE0; 3=4 and x D 3 .x/ C˛.x; t/ for .x; t/ 2 S 1 OE7=8; 1. We define a diffeomorphism x G of W by x G.t; x; y/ D .t; x; y C˛.x; t//. Remark that x G B G.t; x; y/ D .t; x; y/ if t 2 OE0; 3=4 and
iD1 is a total foliation contained in tFol.A 1 / and x G. 0 / is a braid in B n .A 1 / which is tangent to F (7), we also have
for any j D 0; : : : ; n 1. Figure 9 . Proof of Lemma 3.13.
Lemma 3.14. For any m 2 Z, there exists .F i / 3 iD1 2 tFol.I; n/ such that
The equations (7) and (8), we also have
; j / D 1=2 for any j D 0; : : : ; n 1. Hence, .6m/-times composition .
iD1 is the required total foliation for m 0. For m < 0, it is sufficient to take the inverse
Proof. It is an immediate consequence of Lemma 3.13 and the fact that fA 1 ; A 2 g generates SL.2; Z/.
Finally, Proposition 3.9 is an immediate consequence of Lemmas 3.11, 3.12, 3.14, and 3.15.
Braided knots in embedded solid tori. Let be an embedding from
2 to an oriented three-dimensional manifold M . We say is a 0-framed null-homotopic embedding if K 0 D .S 1 f.0; 0/g/ is null-homotopic and is a 0-framed tubular coordinate of K 0 . We also say is unknotted if K 0 is unknotted.
We say a smooth link L in M is -braided if L .Z/ and 1 .L/ is transverse to the production foliation ft D 2 g t2S 1 .
Remark that any component of L is abraided knot. 1 .L/, where .e t ; e x ; e y / is the standard frame on
Remark that . ; n/-framing of K may not be the n-framing (in the sense of Definition 2.12) even if is 0-framed and unknotted. See Lemma 3.18.
Let 0 be a 0-framed unknotted embedding of Z into R 3 defined by 0 .t; x; y/ D ..x C 2/ cos 2 t; .x C 2/ sin 2 t; y/ and P xy denote the projection from R 3 to R 2 given by P xy .x; y; z/ D .x; y/. For any given 0-framed unknotted embedding of Z into M , we can take an embedding ' of
The map ' can be perturbed into another embedding ' 1 such that the map P xy B ' 1 is a regular projection associated with ' 1 1 .L/. See e.g. [14] for the definition of a regular projection and a link diagram. For any component K of L, let !˙.KI / be the number of positive and negative crossings in the diagram P xy B ' that !.KI / and n.KI / depend only on the isotopy class of K as a -braided knot. We show two lemmas, which give relations between n.KI /, !.KI / and the framing of K. Proof. Since K is connected, it induces a cyclic permutation on the n.KI /-points set
Then, the signature of the permutation is . 1/ n.KI /C1 . Since the induced permutation is the product of .! C .KI / C ! .KI // transpositions, its signature is also . 1/ .! C .KI /C! .KI // . In particular, n.KI / .! C .KI / C ! .KI // is odd. Hence, also !.KI / C n.KI / is. Proof. Suppose that the . ; 0/-framing of K is the n 0 -framing. It is easy to see that the . ; m/-framing is n 0 C m n.KI /. Under the identification of .Z/ and the standard torus 0 .Z/, the . ; 0/-framing gives the blackboard framing, that is, the one transverse to the projection to the link diagram. By a well-known result in knot theory (see e.g. [8] , Proposition 4.5.8), it coincides with the !.KI /-framing of K. Hence, we have n 0 D !.KI /.
The trefoil complement.
In this subsection, we construct a total foliation on S 3 containing R-components such that their cores form an arbitrary given link. It will be done by using the fibration of the complement of the trefoil. Note that the same construction can be done for other fibered knot with one-punctured torus fibers, e.g. the figure-eight knot.
Let A be the matrix defined in (5) and M be the mapping torus W=.0; w/ .1; A w/ of the linear map defined by A . By P M , we denote the natural projection from W to M . Since any total foliation .F i / 3 iD1 2 tFol.A / is compatible with the projection P M at @W , we can define a total foliation . Take a subset S L of f0; : : : ; n 1g such that each component of L 0 contains exactly one point of fP M .0; Q j / j j 2 S L g. By H R W R ! R, we denote the holonomy map of the foliation y R 1 (see Subsection 2.2 for the definition of y R 1 ). Proposition 3.9 implies that there exist n 1, ı > 0, and .G i / 3 iD1 2 tFol.A ; n/ which satisfy the following properties: ; j / are conjugate to H R j OE 2;2 for j 2 S L and the identity map otherwise.
, the first and the last condition above imply that there exists an embedding
Hence, a turbularization of F 3 at K 0 .Z/ produces an R-component whose core is K 0 . By the second condition in the above, the framing on L 0 determined by F 1 coincides with the one represented by v m . Hence, we can obtain the required total foliation by a turbularization along a tubular neighborhood of L 0 .
Let K 3 be the right-handed trefoil on S 3 . It is known that K 3 is a fibered knot with monodromy matrix A (see e.g. Section 10.I in [14] ). Hence, there exists a diffeomorphism ' from M n K 0 to S 3 n K 3 , an embedding K 3 from Z to S 3 , and an integer m such that K 3 .S for any t; Â 2 S 1 and r 2 OE0; 1. Note that K 3 is a 0-framed null-homotopic embed-
We define another embedding 0 from Z to S 3 by
Then, the core 0 .S Lemma 3.20.
Proof. By direct calculation, we have on Since K 3 is a 0-framed embedding, we can extend .
Since the framing on L determined by F 1 coincides with the . K 0 ; 1 m /-framing, Lemma 3.20 implies that the framing on L determined by F 1 is the . 0 ; 1/-framing. Since 0 is a 0-framed unknotted embedding, it gives the .!.KI 0 / C n.KI 0 //-framing on each component K of L by Lemma 3.18. In particular, each component K of L is the core of an .!.KI 0 / C n.KI 0 //-framed R-component. 
Proof. Let be a 0-framed unknotted embedding of Z into S 3 and L D K 1 [ K 2 be the -braided link in Figure 12 . By Proposition 3.21, we can take a total foliation .G i / 3 i D1 on S 3 which admits R-components R 1 and R 2 such that K i is the core of Figure 12 . The link L for the proof of Lemma 3.22.
R i for i D 1; 2 and the framings of R 1 and R 2 are C3 and C1, respectively. Put
f.0; 0/g/ coincides with the core of R 1 as oriented knots and .' C j @Z / .a t / D a R .@R 2 /, where a t is the homology class in H 1 .@Z; Z/ represented by a map t 7 ! .t; 1; 0/. It is easy to see that K 1 is a ' C -braided knot. Since K 1 is .C3/-framed and K 2 is .C1/-framed, G 1 gives the .' C ; 2/-framing of K 1 . The lemma for n D 0 is trivial. First, we show the lemma for n D 1. Let W Z ! R be a diffeomorphism such that .S 1 f.0; 0/g/ D C.R/ as oriented knots and .a t / D a R .@R/. By Proposition 2.11, if we choose ' C suitably in its isotopy class, then we can obtain a total foliation .F
Since is a k-framed embedding and G 1 gives the .' C ; 2/-framing of C.
By inductive construction, it gives the proof for n 1.
Using the fact that M D S 3 n R 1 is diffeomorphic to Z, we can take a diffeomorphism ' W M C ! Z such that ' .K 2 / D S 1 f.0; 0/g as oriented knots and .' / .a R .@R 2 // D a t . Similar to ' C , K 2 is -braided and G 1 gives the .' ; 2/-framing of K 2 . Hence, the same construction to the above completes the proof for n Ä 1. Now, we give an alternative proof of Hardorp's theorem [10] with some extension. i D1 admits two unknotted R-components R C and R , R C is .C1/-framed and R is . 1/-framed, and R C and R are contained in mutually disjoint three-dimensional balls.
Proof. Let X be a four-dimensional 2-handlebody such that @X D M and the restriction of the unique spin structure on X to M is s. Let L 0 be the Kirby diagram of X. We denote by n.K/ the integer-valued framing of each component K of L 0 . Remark that all n.K/ are even since X admits a spin structure. Take two unknots K and K C which are contained in mutually disjoint three-dimensional ball in S 3 n L 0 . Put n.K / D 0 and n.K C / D 2.
Fix an unknotted embedding 0 of the solid torus. Recall that any link can be 0 -braided by Alexander's theorem (see e.g. [2] , Theorem 2.1). By Proposition 3.21, there exists a total foliation .F covering along the unknot K . The box represents a tangle where the difference of the numbers of positive and negative crossings is k. Suppose that the knot K in the left-side of the figure has the blackboard framing, which is equal to the .k C 1/-framing. In the right-side of the figure, which is a double covering of the left-side, the lift K 0 of the framed knot K has the blackboard framing, which is equal to the k-framing. Hence, the knot K is isotopic to K 0 as a knot, but is not isotopic to K By the fundamental theorem of confoliations ( [7] , Theorem 2.4.1) we can take a bi-contact structure . ; Á / on M so that is C 0 -sufficiently close to F 1 and Á is C 0 -sufficiently close to F 2 . Lemma 4.2 implies that both and Á are overtwisted. By Theorem 4.1, and Á are isotopic to and Á as contact structures, respectively.
